We first present new Subaru narrow-band observations of the Lyα halo around the quasi-stellar object (QSO) CFHQ J232908−030158 at z = 6.42, which give a higher luminosity with a larger extent than previous studies. Then, combining these measurements with available data in the literature, we find two different evolutions of QSOs' Lyα halos. First is a possible short-term evolution with QSO age seen in four z > 6 QSOs. We find that the luminosity and extent of Lyα halos anti-correlate with QSOs' IR luminosity, with J2329−0301's halo being the brightest and largest. It indicates that ionizing photons escape more easily out to circum-galactic regions when host galaxies are less dusty. We also find a positive correlation between IR luminosity and black hole mass (M BH ). Considering M BH as an indicator of QSO age, we propose a hypothesis that a large Lyα halo mainly comes into existence around QSOs in the young phase of their activity due to a small amount of dust. The second is an evolution with cosmic time seen over z ∼ 2 − 5. We find that the surface brightness increases toward lower-redshift with a similar growth rate to that of dark matter halos which evolve to M DH = 10 12 − 10 13 M ⊙ at z = 2. The extent of Lyα halos is also found to increase at a rate scaling with the virial radius of growing dark matter halos, r vir ∝ M 1/3 DH (1 + z) −1 . These increases are consistent with a scenario that the CGM around QSOs evolves in mass and size keeping pace with hosting dark matter halos.
INTRODUCTION
Gas exchanges between galaxies and the inter-galactic medium (IGM) around them play a central role in star formation and galaxy evolution. While the star formation activity of galaxies is maintained by gas inflows from the IGM (e.g., Dekel et al. 2009b,a) , outflows induced by star formation heat or even blow away the cold gas in galaxies, thereby suppressing subsequent star formation (e.g., Mori et al. 2002 Mori et al. , 2004 Scannapieco et al. 2005; Mori & Umemura 2006; Davé et al. 2011) . Since inflow and outflow gas passing through or reaching circum-galactic regions makes up the circum-galactic medium (CGM) extending over up to a few hundred physical kpc (pkpc), physical properties of the CGM such as mass and spatial extent provide valuable insights into star formation and galaxy evolution.
One of the strongest tracers of the CGM is hydrogen Lyα emission. If neutral hydrogen gas constituting the CGM gas is illuminated by ionizing or Lyα radiation produced in the hosting galaxy by star formation or AGN activities, it can be observed as a diffuse, extended Lyα halo (or called a Lyα nebula). Good examples are seen in Lyα emitters (LAEs), galaxies with strong Lyα emission. LAEs are known to possess Lyα halos with scale lengths reaching ∼ 10 pkpc independent of redshift (for studies based on stacking analysis, see, e.g., Steidel et al. 2011; Matsuda et al. 2012; Feldmeier et al. 2013; Momose et al. 2014 Momose et al. , 2016 ; for individual-basis studies, see, e.g., Wisotzki et al. 2016; Leclercq et al. 2017 ).
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Quasi-stellar objects (QSOs) have brighter Lyα halos than normal galaxies, making it possible to detect them on an individual basis especially at z ∼ 2 − 3 (e.g. Heckman et al. 1991a,b; Christensen et al. 2006; North et al. 2012; Hennawi & Prochaska 2013; Roche et al. 2014; Borisova et al. 2016; Fathivavsari et al. 2016) . Recently, the discovery of extremely giant Lyα halos over > 300 pkpc has been reported (e.g., Cantalupo et al. 2014; Martin et al. 2014; Hennawi et al. 2015; Borisova et al. 2016; Cai et al. 2017; Arrigoni Battaia et al. 2018b ). Cantalupo et al. (2014) have detected a giant Lyα halo, named Slug Nebula, with an extent of ∼ 460 pkpc around a QSO at z = 2.28. This halo extends beyond the virial radius of the associated dark matter halo, indicating that Lyα emission of such a giant nebula also traces the IGM gas. Hennawi et al. (2015) have also discovered a giant Lyα halo of 310 pkpc extent covering four QSOs. These extremely extended Lyα halos indicate the presence of a widely spread CGM, and/or a large amount of cold gas around QSOs. However, at least at z ∼ 3, QSOs' Lyα halos seem to have similar surface brightness (SB) profiles despite different luminosities and sizes. Borisova et al. (2016) have found that the SB profile of the Slug Nebula is consistent with the mean SB profile of Lyα halos around 17 z ∼ 3 QSOs. Such similarity of SB profiles indicates that QSOs' Lyα halos have the same origin.
Observational studies of QSOs' Lyα halos have revealed another important trend, evolution with cosmic time, although based on samples over a relatively narrow redshift range of z ∼ 2 − 4 and with different SB limits. North et al. (2012) have found that the SBs of Lyα halos at z ∼ 4.5 are 1 − 2 order of magnitude fainter than those at z ∼ 2 − 3. Ginolfi et al. (2018) have found that halos at z ∼ 5 are smaller than at z ∼ 3 − 4. Moreover, Farina et al. (2017) have suggested a decline in the total Lyα luminosity of halos with redshift over 2 < z < 7 due to a change in gas properties and/or powering mechanisms of Lyα radiation. On the other hand, Arrigoni Battaia et al. (2018a) have found an opposite trend (North et al. 2012; Farina et al. 2017; Ginolfi et al. 2018 ) that the mean SB of radio-quiet QSOs increases with redshift from z = 2 to z = 3. Furthermore, no evolution has been found in the Lyα halos luminosity over 2 < z < 4.5 (Fathivavsari et al. 2016) . These discrepancies may be attributed to different methodologies (e.g., SB limits, observation methods [spectroscopy or imaging], methods to measure sizes) in the literature. Hence, in order to comprehensively understand the properties and evolution of QSO Lyα halos, an analysis with a large sample compiled under the same conditions is required.
In addition, the number of observations for z > 6 QSO halos is still limited. Goto et al. (2009) have for the first time reported a possible presence of a Lyα halo around a z > 6 QSO, CFHQ J232908−030158 (hereafter J2329−0301) at z = 6.4, by showing an extended feature in a z ′ -band image whose bandpass covers Lyα, while detecting no such feature in other bands (i ′ and zr-bands). After subtracting the PSF component from the QSO, they have confirmed residual emission of 4 ′′ -wide corresponding to ∼ 22 pkpc around the QSO. On the other hand, Decarli et al. (2012) have not detected an extended Lyα halo around two QSOs at z = 6.3 and 6.4 in spite of using deep Hubble Space Telescope images. Furthermore, Farina et al. (2017) have found a small and faint Lyα halo with 9 pkpc extent around the QSO J0305−3150 at z = 6.61 even using a high sensitivity of Multi-Unit Spectroscopic Explorer (MUSE: Bacon et al. 2015) . These studies imply a possible absence of large Lyα halos at z > 6, which may be attributed to the evolution of the CGM and/or some physical properties of QSOs.
In this paper, we first present new narrow-band observations of the Lyα halo around the QSO J2329−0301 at z = 6.42. Previous studies based on spectroscopic data have confirmed the presence of an extended Lyα halo with > 15 pkpc wide (Goto et al. 2009 (Goto et al. , 2012 Willott et al. 2011) , but the reported extent and total Lyα luminosity are probably underestimated due to flux loss in spectroscopic data. In this study, we examine the halo using deep imaging data taken with the custom narrow-band filter N B906 on Suprime-Cam which enables us for the first time to map out the whole extension of J2329−0301 Lyα halo, and to obtain more accurate measurements on its size and luminosity. We then combine our results with all QSOs' Lyα halo data available in the literature ('compilation sample'), to examine halo properties and their correlations with properties of hosting QSOs over z ∼ 3 − 6. Finally, we discuss the evolution of Lyα halos as a function of QSO age at z > 6, and as a function of redshift over 2 < z < 6.
The structure of this paper is as follows. We show Suprime-Cam data and its analysis in Section 2, and results on J2329−0301 in Section 3. Results from the compilation sample are shown in Section 4. We discuss the correlations between Lyα halos' scales (luminosity and size) and physical properties of hosting QSOs, and the evolution with QSO age derived from the correlations seen in the z > 6 sample in Section 5.1. We also present discussion on the redshift evolution of Lyα halos and the CGMs from the compilation sample in Section 5.2. Finally, a summary is given in Section 6. Throughout this paper, we use AB magnitudes and adopt a cosmology parameter set of (Ωm, Ω λ , H0) = (0.3, 0.7, 70 km s −1 Mpc −1 ). In this cosmology, 1 arcsec corresponds to a transverse sizes of 5.5 pkpc at z = 6.4.
DATA AND ANALYSIS
We observed a 0.219 deg 2 field centered on J2329−0301 with Suprime-Cam (Miyazaki et al. 2002) on the Subaru Telescope through the zr and N B906 filters (Goto et al. 2009; Utsumi et al. 2010; Goto et al. 2017) . N B906 is a custom narrow-band filter developed to investigate the extended Lyα emission of J2329−0301 and Lyα emitters around it (Goto et al. 2017) . Its central wavelength and FWHM are 9050Å and 158Å, respectively. As detailed in Goto et al. (2009) , the final combined zr image has a PSF FWHM of 0.
′′ 62 and a 3σ limiting magnitude of 25.46 mag in a 1. ′′ 2 aperture (see also Goto et al. 2017 ). The corresponding quantities for the combined N B906 image are 0.
′′ 64 and 25.73 mag, respectively.
We produce a Lyα image in the following two steps. First, we smooth the zr and N B906 images with Gaussian kernels to match their PSF sizes to the largest among the raw images before stacking, 0.
′′ 7 FWHM. Second, we subtract the smoothed zr image from the smoothed N B906 image by assuming fν = constant between these two adjacent filters, and obtain a Lyα image. The SB limit of the Lyα 2 arcsec Lyα Continuum Figure 1 . The continuum and Lyα images of J2329−0301 are presented in the left and right panels, respectively. The QSO PSF component of central 1. ′′ 5 is marked as a black circle in the continuum image, and is masked in the Lyα image. Contours in the Lyα image denote the 3, 6, 9, 12σ of significance levels.
image is 4 × 10 −18 erg s −1 cm −2 arcsec −2 at the 3σ level. We also stack 100 bright stars in this image to produce a PSF image. We show the continuum (i.e., zr: Lyα emission free band) and Lyα images of J2329−0301 in Figure 1 , and the Lyα SB profile of J2329−0301 and the PSF profile in Figure 2 (a).
To examine whether this QSO has an extended Lyα halo, we remove the contribution from the PSF (i.e., pointsource) component of the central QSO by the following two approaches. 1) One is to use the PSF image obtained above. First, we scale the PSF image to match the total flux within a 1 ′′ radius to that of the Lyα image of J2329−0301. Then, we subtract the scaled PSF image from J2329−0301 image, and obtain a residual image (residual image 1). We confirm that Lyα emission extends over ∼ 2 ′′ in radius with > 3σ SB levels. However, there is a hole at the position of J2329−0301 which is probably caused by over-subtraction of the PSF component of the central QSO.
2) To minimize the effect of over-subtraction, we carry out another PSF subtraction using a model PSF image. First, we fit a 2-D Gaussian to the PSF image. Then, we scale this Gaussian model image and subtract it from J2329−0301 image in the same manner as in approach 1). The residual image thus obtained is referred to as residual image 2. The presence of extended Lyα emission over ∼ 1 ′′ is confirmed also in this image. While a halo is still seen, its size is much smaller than that in residual image 1, suggesting that the over-subtracted flux has been largely recovered.
We should note that the SB profile and hence Lyα luminosity of the halo evaluated from residual image 2 may slightly overestimate the true size and luminosity, because the real PSF extends than a Gaussian profile at large radii albeit with very low amplitudes (e.g., King 1971; Racine 1996; Bernstein 2007) . However, since the shape and brightness of the SB profiles obtained from residual images 1 and 2 are consistent at 2 ′′ < r < 4 ′′ within the error bars, we regard residual image 2 as better representing the true Lyα emission of the halo, and use this image in the following analysis. Figure 2 (b) compares the tangentially averaged SB profile of J2329−0301's Lyα halo with those of low-z QSOs and a z ∼ 6 QSO obtained by previous studies (Borisova et al. 2016; Farina et al. 2017) .
3 RESULTS FROM SUPRIME-CAM DATA 3.1 The luminosity and spatial extent of J2329−0301's Lyα halo
We find that the Lyα emission of J2329−0301 is more extended than the PSF (Figure 2 (a)) as well as than the continuum emission (Figure 1) , thus confirming the presence of a Lyα halo. This halo has a spatial extent of 6. ′′ 9 in diameter corresponding to ∼ 38 pkpc, and a total Lyα luminosity within this diameter of 1.5 × 10 44 erg s −1 ; the Lyα luminosity of the QSO is 6 × 10 44 erg s −1 . The Lyα halo of this QSO has also been investigated in previous studies. Goto et al. (2009) (Goto et al. 2012 ). On the basis of spectroscopic data, Willott et al. (2011) have also shown the presence of a Lyα halo over 15 pkpc (∼ 2.
′′ 7) with a Lyα luminosity of 8 × 10 43 erg s −1 . The Lyα halo found in this study is a factor of > 1.7 more extended, and a factor of > 1.9 more luminous than those obtained by the previous studies. These discrepancies likely result from differences in the methods to measure halo luminosities. The spectroscopic data could also underestimate the total flux of the halo as well as its extent because of finite slit widths and/or fixed slit directions (Willott et al. 2011; Goto et al. 2012) .
Comparison of the halo SB profile between J2329−0301 and other QSOs
We compare the SB profile of J2329−0301's halo with those of other QSOs' in Figure 2 (b) and (c). Black lines represent bright radio-quiet QSOs at z ∼ 3 (Borisova et al. 2016 ) and a blue line is the QSO J0305−3150 at z = 6.61 (Farina et al. 2017) ; the effect of SB dimming has been corrected for all objects. The profiles of Borisova et al. (2016) QSOs within r = 10 pkpc are plotted as dotted lines. A comparison with J0305−3150 shows that J2329−0301's halo has an about 10 times brighter SB profile than J0305−3150's, albeit with similar profile slopes. As a result, J0305−3150's halo has a factor 50 fainter total Lyα luminosity and a factor of 4.2 smaller size than J2329−0301's, despite a deeper SB limit of 1.1 × 10 −18 erg s −1 cm −2 arcsec −2 at 3σ level (Farina et al. 2017) . The SB profile of J2329−0301's halo lies at the bright end of the distribution of z ∼ 3 halos. We estimate the slope of J2329−0301's SB profile from 10 pkpc to 24 pkpc, and obtain −2.53 ± 0.14 which is steeper than those found among z ∼ 3 halos (Borisova et al. 2016) . A steeper slope has also been reported for a z ∼ 5 halo by Ginolfi et al. (2018) . However, the global shape of J2329−0301's halo shows good agreement with those of z ∼ 3 halos within the errors. These comparisons suggest that Lyα halos of QSOs can be modeled by profiles with a common shape irrespective of redshift.
We also compare those SB profiles in comoving units by scaling their radii with (1 + z) in Figure 2 (c). First, we find that the difference between J0305−3150 and QSOs from Borisova et al. (2016) reduced. The SB profile of J0305−3150 comes into overlap with the faint end of Borisova et al. (2016) 's sample, although the SB profile of J2329−0301 is shifted slightly above the bright end. A similarity of SB profiles in comoving units has also been demonstrated by Ginolfi et al. (2018) . They have found that the sizes of Lyα halos at z ∼ 5 become comparable with those at z ∼ 3 when they have accounted for the cosmological growth of dark matter halos by scaling by (1 + z) (Barkana & Loeb 2001) . Detailed discussion will be presented in Section 5.2.4.
RESULTS FROM THE COMPILATION SAMPLE: DEPENDENCE OF Lyα HALO PROPERTIES ON REDSHIFT AND QSO PROPERTIES
We plot in Figures 1 Below we explain each parameter in detail. The number in parentheses in N sample column is the number of objects with dorg measurements. The standard deviation of Spearman's ρ derived from 1000 times resampling is regarded as the error in the ρ estimate. • Spatial extent d, dorg: We virtually put all objects at z = 6.61 and measure their extents or diameters, at a common SB level of 1 × 10 −18 erg s −1 cm −2 arcsec −2 at z = 6.61.
2 For reference, we also plot original extents taken from the literature with grey-colored symbols in the same panels. In the following sections, d denotes an anew measured extent and dorg an original one. • Total Lyα luminosity LLyα: While an ideal definition of the total luminosity would be the one enclosed within the extent d, such measurements are available only for a small fraction of the sample. Thus, we use Lyα luminosities presented in the literature. For the two z > 6 QSOs whose halo is undetected (J1030+0524 and J1148+5251, Decarli et al. 2012) , we show upper limits derived by assuming a 10 pkpc extent and an average 5σ SB value of 1×10 −17 erg s −1 cm −2 arcsec −2 , following the procedure by Farina et al. (2017) .
• Ratio of the total Lyα luminosity to the hosting QSO' bolometric luminosity, LLyα/L Bol : We define this parameter to characterize the relative prominence of a halo.
• MBH and L Bol : Black hole masses MBH, bolometric luminosities L Bol , and Eddington ratios are taken from the literature if available; MBH have been estimated using black hole mass scaling relations with Mg ii, C iv and H β luminosities; L Bol have been determined from spectral energy distributions (SEDs) from X-ray to radio wavelengths, or from monochromatic luminosities at 5100, 3000, or 1350Å with bolometric corrections (Richards et al. 2006; Shen et al. 2008 ).
• Spectral index α: Taken from the literature if available. They have been derived by fitting a single power law of fν ∝ ν α over 1000−3000 or 1000−10000Å in the rest-frame
• IR to UV luminosity ratio, IRX: This ratio, called the IR excess, is an indicator of the dustiness of a galaxy. We estimate IRX values with UV luminosities derived from absolute magnitudes at 1450 or 1550Å and total IR lumi- nosities given in the literature. If a total IR luminosity is unavailable, a total far-IR luminosity is used instead. Due to few radio studies in our compilation sample, the number of objects with IRX estimates is limited.
Unfortunately, not all objects have a full set of measurements except for dorg and redshift. For this reason, different subsamples are used in different plots, as summarized in Table 1 . Also shown in this table is Spearman's rank correlation coefficient ρ for each plot in Figures 4 and 5 , where the standard deviation of ρ obtained from 1000 times data resampling is considered as its error. Figure 3 shows the LLyα, L Bol , LLyα/L Bol and d of Lyα halos as a function of redshift. The median values at z = 2, 3, and 4 − 5 are also plotted with an error bar for reference. We find a gradual decline in LLyα, LLyα/L Bol and d with redshift, while L Bol does not show such a decline. In addition, the decrease in the spatial extent is notable, which is found in both d and dorg. Interestingly, J2329−0301's halo has an spatial extent as small as average z ∼ 2 − 3 halos despite having relatively high L Bol and LLyα/L Bol values.
Redshift dependence of halo properties
The observed declines of LLyα, LLyα/L Bol and d with redshift may be partly artificial. Different kinds of observations (imaging or spectroscopy), different SB limits, and different target selections among the studies may induce artificial trends. In fact, some previous studies have found similar declines of dorg and/or LLyα with redshift (Farina et al. 2017; Ginolfi et al. 2018) , whereas others have not (Fathivavsari et al. 2016 ). Nevertheless, Figure 3 clearly demonstrates a systematic trend that bright (> several ×10 44 erg s −1 ) and extended (> 100 pkpc) Lyα halos are absent at z > 4. Considering the facts that the average L Bol is unchanged or even increases with redshift, and that the bolometric luminosity is proportional to the ionizing luminosity in the first order (e.g., Lu & Yu 1999) , bright and extended Lyα halos such as found in z = 2 − 3 (e.g., Cantalupo et al. 2014; Martin et al. 2014; Hennawi et al. 2015; Borisova et al. 2016; Cai et al. 2017; Arrigoni Battaia et al. 2018b ) should be detected even at z > 4 if there is no evolution. This striking result indicates some redshift evolution of Lyα halos. We will discuss this matter in Section 5.2.3.
Correlations with properties of hosting QSOs
We find no significant correlation between halo properties and QSOs' LLyα, LLyα/L Bol , MBH and Eddington ratio except in d vs LLyα. Thus, we only display d vs LLyα and two plots showing very weak correlations in Figure 4 .
A positive and strong correlation is seen between d and LLyα (top left plot of Figure 4) , with a Spearman's coefficient of ρ = 0.74 ± 0.06 (0.56 ± 0.09 if dorg is used instead).
3 In fact, such a positive correlation is naturally expected from the finding in Section 3.2 that Lyα halos have similar SB profiles. We derive the best-fit linear regressions in the log-log plot of log LLyα = (39.6 ± 0.65) + (2.5 ± 0.05) × log d and log LLyα = (38.8 ± 0.72) + (2.7 ± 0.05) × log dorg. A similar correlation has also been reported in the literature (Fathivavsari et al. 2016; North et al. 2017 ). Fathivavsari et al. (2016) have found the best-fit power law of the form dorg ∝ L b Lyα with b = 0.5 for Christensen et al. (2006) 's sample and b = 0.7 for their own sample, corresponding to a slope of 2 and 1.42 in the LLyα vs log dorg plot. We infer that the shallower slope of Fathivavsari et al. (2016) sample is attributed to a narrow dorg range.
No apparent correlations are found between d and MBH and between LLyα/L Bol and MBH, with Spearman's ρ of ρ = −0.17 ± 0.20 (ρ = 0.18 ± 0.17 for dorg) and ρ = 0.32 ± 0.16 respectively (bottom two panels in Figure 4 ). However, we see a possible negative correlation if limited to z > 6 QSOs colored in red, despite a very small sample size, that a QSO with larger MBH tends to possess a larger and brighter Lyα halo. If larger MBH means longer elapsed times, the weak decrease in LLyα/L Bol with MBH found among the z > 6 QSOs may indicate that younger QSOs possess more luminous (and possibly more extended; lower left panel of Figure 4 ) Lyα halos. We discuss this matter in Section 5.1.
The d and LLyα/L Bol vs MBH distributions also show another tendency depending on radio loudness. Radio-loud QSOs represented by a circle symbol tend to have larger and more luminous Lyα halos, while radio-quiet QSOs have an opposite trend. This may imply that radio jets associated with radio-loud QSOs make it easy for ionizing photons to escape out to the CGM. Some studies have proposed that QSOs evolve from a radio-loud to a radio-quiet phase (e.g., Nipoti et al. 2005; Marecki & Swoboda 2011) . If that is the the case, the trend seen here could indicate that younger QSOs tend to have more extended and luminous Lyα halos.
MBH, d and LLyα/L Bol vs the dustiness of QSOs
Finally, we examine the correlations of MBH, d and LLyα/L Bol with α and IRX in Figure 5 . The spectral index α is the power-law index of spectra, with larger values meaning bluer spectra. The IRX is an indicator of dustiness, with higher values meaning higher dust obscuration. We do not find any significant correlation with α, with small Spearman's ρ of 0.19, 0.11 and −0.18 for MBH, d and LLyα/L Bol . On the other hand, there may be seen a weak trend in the plots against IRX, although being statistically insignificant with ρ = (0.12±0.43, −0.50±0.52, −0.54±0.43) for (MBH, d, LLyα/L Bol ). The distributions of MBH vs IRX shows a positive trend -QSOs with larger IRX values tend to possess massive black holes, while d and the LLyα/L Bol vs IRX distributions have a negative correlation that d and LLyα/L Bol increase with decreasing IRX. These trends are relatively clear for the QSOs at z > 6 colored in red. We discuss implications of these trends in Section 5.1. 
DISCUSSION

Coevolution of QSOs and their Lyα halos
Correlation between Lyα halo properties and the dustiness of QSOs at z > 6
Among the four z > 6 QSOs with Lyα halo data, only J2329−0301 has a distinguishing Lyα halo. In this subsection, we discuss what makes this difference by examining the physical properties of the four z > 6 QSOs presented in Table 2 with help of the results obtained in Section 4.3. We find from Table 2 that J2329−0301 has the lowest IR luminosity and the lowest dust mass among the four, while the other three QSOs are luminous in IR or possessing a large amount of dust, implying a close relation between Lyα halos and the amount of dust. We also find in Section 4.3 that less dusty QSOs with larger α and/or smaller IRX values tend to have more extended and bright Lyα halos. The relation between dust content and the presence of Lyα halos has also been discussed in the literature. Although not for QSOs but LAEs, Hayes et al. (2013) have found an anticorrelation between the relative extent of the Lyα halo to the star-forming disk and indicators of dust content, indicating that a low dust content is required to produce a extended Lyα halo. Moreover, Willott et al. (2011 Willott et al. ( , 2013 have attributed the significant Lyα halo of J2329−0301 to the non-detection of dust continuum emission, because the Lyα halo of J2329−0301 could be generated by ionizing photons that easily escape to the CGM due to a small dust content. According to their arguments, J2329−0301 is in a rare phase that the QSO feedback effectively shuts down the star formation activity of the host galaxy, resulting in a small dust content. Our findings from Table 2 and Section 4.3 support these suggestions. Therefore, the amount of dust probably determines the presence or absence of a Lyα halo.
We also notice that the other parameters of J2329−0301 (MBH, L Bol and star-formation rate SFR) are also lower than those of the remaining three QSOs (see Table 2 ). Additionally, we find that all parameters but the Eddington ratio (L Bol , SFR, IR luminosity, dust mass) increase with MBH from J2329−0301 through J0305−3150 and J1030+0524 to J1148+5251. If a larger MBH means a longer elapsed time, the increase in these physical parameters with MBH naively indicates their evolution. A bright Lyα halo may appear only in an early phase of black hole growth.
A black hole evolves with its host galaxy, that is so called co-evolution (e.g., Magorrian et al. 1998; Merritt & Ferrarese 2001; McLure & Dunlop 2002; Marconi & Hunt 2003; Graham & Scott 2013; Kormendy & Ho 2013 and reference therein) . According to the theoretical framework of galaxy evolution (e.g., Hopkins et al. 2008) , the accretion disk around a black hole becomes visible in the rest-UV to optical wavelengths (and observed as a QSO) when the dust surrounding it is destroyed or blown away by negative feedbacks. After that, the QSO actively radiates UV emission with a high Eddington ratio. We call this phase the young QSO phase. Then the QSO is supposed to evolve by increasing its stellar mass and dust mass, as well as black hole mass, by acquiring gas from the IGM (mature QSO phase). Finally, the QSO's activity will weaken because the gas is consumed and dispersed (old QSO phase). In this scenario, an extended and bright Lyα halo exists only in the young QSO phase where a large amount of ionizing photons from the QSO easily escape to the circum-galactic region without strong dust extinction, and ionize neutral hydrogen of the CGM. In the mature and old phases, on the other hand, an enormous amount of dust in the inter-stellar medium (ISM) makes ionizing photons difficult to leak away, thus preventing the CGM, even if it exists, from radiating Lyα emission. Thus, both the presence of a Lyα halo and the trends seen in the physical parameters of the four z > 6 QSOs can be consistently interpreted in the evolutionary framework of QSOs. J2329−0301 with a distinguishing Lyα halo owing to a small amount of dust is probably in the young QSO phase, while the other three with massive black holes (MBH > 10 9 M⊙) and high dust masses (M dust > 10 8 M⊙) are likely in the mature or old QSO phase.
The size of the proximity zone around QSOs may also be used to examine in what phase they are, because size is expected to increase with age. Three out of the four z > 6 QSOs (J2329−0301, J0030+0524, and J1148+5251) have proximity zone size measurements in Eilers et al. (2017) , and J2329−0301 is found to have the smallest size at least among these three. This result supports our hypothesis that a large Lyα halo mainly comes into existence around QSOs in the young phase of their activity due to a small amount of dust.
Physical properties of QSOs and their Lyα halos at low-z
We discuss the relation between Lyα halo properties and QSO properties at z ∼ 2 − 3. In Section 4.3, we find that there are possible weak tendencies in the plots against IRX, although not statistically significant. In particular, a possible negative trend found between Lyα halo scales (d and LLyα/L Bol ) and the IRX is comparable with the one seen for the z > 6 QSOs over a wider IRX range. It may imply that dust abundance is also key to producing a Lyα halo around low-z QSOs. We also find that some low-z QSOs with massive black holes (MBH > 10 9 M⊙) have relatively large, d < 100 pkpc, Lyα halos (see Figure 4) , whereas none of the z > 6 QSOs with the same mass range has such a halo, despite the fact that all the QSOs have similar trends in d vs IRX and LLyα/L Bol vs IRX. Therefore, we infer that the discrepancy of the presence/absence of Lyα halos at MBH > 10 9 M⊙ is due to differences in the evolutionary track, and/or differences in physical properties of the ISM, such as dust density, gas mass/density, and the size of the star-forming disk. Because we do not have additional data to answer this question, we will leave it for future work.
The CGM around QSOs
Is the CGM of J2329−0301 optically thin or thick?
Hennawi & Prochaska (2013) have proposed several models which can explain the observed SB and Lyα luminosity of Lyα halos around QSOs by assuming different origins of Lyα emission. Because QSOs' Lyα halos are known to be mainly due to fluorescence (e.g., Hogan & Weymann 1987; Rees 1988; Gould & Weinberg 1996; Haiman & Rees 2001; Alam & Miralda-Escudé 2002; Cantalupo et al. 2005; Kollmeier et al. 2010 ), here we consider their fluorescence model. If a QSO is surrounded by optically thin gas, it would be sufficiently ionized by ionizing photons from the QSO. Gas of a Lyα halo is considered to be optically thin if the neutral column density averaged over the halo NH i is less than 10 17.2 cm −2 (Hennawi & Prochaska 2013) . We evaluate NH i of J2329−0301's halo. According to Hennawi & Prochaska (2013) , NH i is expressed by 
where LLyα is the total Lyα luminosity of the halo, and LνLL is the ionizing luminosity defined at the Lyman limit 4 (Hennawi & Prochaska 2013; Farina et al. 2017) . We obtain NH i = 10 16.8 cm −2 , which is a factor 2.5 lower than the threshold value. The CGM around J2329−0301 is likely to be optically thin.
Is the CGM of the other QSOs optically thin or thick?
We also use Equation 1 to evaluate NH i for the other QSOs in the compilation sample. Because not all objects have LνLL measurements, we evaluate LνLL by scaling the value of J2329−0301 by the L Bol ratio between the object in question and J2329−0301 assuming that LνLL is proportional to L Bol . Among the objects in the compilation sample, 42% (38 QSOs) have both L Bol and LLyα measurements, and we find almost all of them to be optically thin. For those without L Bol measurements but with LLyα data (44% or 39 of the compilation sample), we just use the LνLL of J2329−0301, and again find that almost all are optically thin. If an object is fainter in LνLL but brighter in LLyα than J2329−0301, its CGM would be regarded as optically thick. However, the fraction of such objects is likely to be less than 17%; only 12 objects are more luminous in LLyα than J2329−0301 and only 2 have higher LLyα and lower L Bol than J2329−0301. We cannot evaluate NH i for the remaining 14% of the compilation sample which have neither LLyα or L Bol . To summarize, at least 70% of the compilation sample are probably optically thin.
Possible redshift evolution of the CGM
We find that LLyα, LLyα/L Bol and d of Lyα halos decrease with redshift. As described in Section 4.1, these decreasing trends seem to be real because no QSO at z > 4 has an extended Lyα halo despite having similarly bright L Bol to lower-z objects. Furthermore, the amplitude of the SB profile appears to decrease with redshift as shown in Figure 2 (b) except that of J2329−0301 (Borisova et al. 2016; Farina et al. 2017) . The redshift evolution of LLyα, spatial extent and SB amplitude has also been discussed in the literature (North et al. 2012; Farina et al. 2017; Ginolfi et al. 2018) . These pieces of evidence together with our finding that there is no bright and extended Lyα halos at z > 4 appear to indicate some evolution of the CGM. In order to obtain further insights, we compare the characteristic SB profile of Lyα halos among three redshift bins of 2 < z < 3, 3 < z < 4, and 4 < z < 6 that denote z = 2, 3, and 4 − 5. The SB profiles of z > 6 QSOs are discussed separately because of a very small sample size. Since not all objects in the compilation sample have SB data, we derive the characteristic SB profile at each redshift bin in the following manner. i) For each object, we calculate the SB at 10 pkpc radius (SB r=10 Lyα ) from LLyα and dorg. We choose 10 pkpc radius, since it is large enough to be within halos, being close to their inner most radii (e.g., Borisova et al. 2016) , and small enough to have high-S/N Lyα emission. Because of this definition for deriving SB r=10 Lyα , we only use objects with dorg ≥ 20 pkpc (see also iii) Finally, we obtain the characteristic SB profile at each redshift bin from the characteristic SB r=10
Lyα assuming a power-law profile of SB ∝ r −2 to simplify the calculation. We also confirm that the average SB profile obtained by our method is consistent with the one presented in Borisova et al. (2016) . The SB profiles corrected for cosmological dimming are shown as thick blue, cyan and green lines in Figure 6 (right). iv) For two QSOs at z > 6 with a detected Lyα halo, J2329−0301 and J0305−3150, we estimate SB r=10 Lyα by fitting a power law to the data points where Lyα emission is significantly detected, because we find that SB profiles calibrated at SB r=10 Lyα slightly overestimate the true profiles. The profiles thus obtained are plotted as thin red and cyan lines in Figure  6 (right). The SB We find that the characteristic SB profile clearly decreases with redshift ( Figure 6 right) , although the sample sizes are still small at z > 4. The amplitude of the characteristic SB profile at z = 2 is about a factor of 2.4 (16.6) brighter than that at z = 3 (z = 4 − 5). We also compare the SB profiles of the two z > 6 halos with those at lower redshifts. Surprisingly, J2329−0301's SB is as bright as that of z = 2 halos, while J0305−3150's SB is even fainter than those at z = 4 − 5.
In the optically thin regime of Hennawi & Prochaska (2013) model which appears to be valid for most of our objects, the Lyα SB is proportional to the hydrogen volume density nH, the hydrogen total column density NH, and the covering factor of clouds in the optically thin CGM f thin C (i.e., SBLyα ∝ nHNHf thin C ). Thus, a decrease in the SB amplitude with redshift implies a decrease in the "hydrogen density", nHNH, or f thin C , or both. In addition, in the optically thin regime, the total gas mass of the CGM is proportional to NH and f thin C . Hence, the decrease in the SB amplitude likely implies a decrease in the total gas mass of the CGM.
The relation between Lyα halo scales and the dark matter halos of hosting QSOs
If the CGM mass around QSOs increases with cosmic time as suggested in Section 5.2.3, what physics causes that? One possibility is the growth of hosting dark matter halos. Cosmological simulations predict that QSOs at higherz reside in less massive dark matter halos (e.g., Fanidakis et al. 2012; Oogi et al. 2016 ). This prediction is also supported by observations (e.g., Eftekharzadeh et al. 2015; He et al. 2018; Uchiyama et al. 2018 ). Here we use a fitting formula given in Behroozi et al. (2013) to estimate the mass growth rate of QSO hosting halos at z > 2, assuming that they have grown to 1×10 11 , 1×10 12 or 1×10 13 M⊙ at z = 2, among which 1 × 10 12 M⊙ is the closest to the observed values (e.g., Adelberger & Steidel 2005; White et al. 2012) . Surprisingly, these halo growth rates, especially those of 1×10 12 and 1×10 13 M⊙, are in good agreement with those of SB r=10 Lyα , or the amplitude of the characteristic SB profile: the SB at z = 2 is factor 2.2 and 16.6 higher than those at z = 3 and z = 4 − 5, respectively. In other words, the amplitude of the SB scales with the mass of evolving dark matter halos (dashed lines in Figure 6 left). Thus, if the QSOs at different redshifts are on average in a progenitor-descendant relationship in terms of hosting dark matter halos and if the SB amplitude is proportional to the total mass of the CGM, then the coincidence found here implies that the CGM grows in mass keeping pace with hosting dark matter halos.
We then examine the evolution of the extent of Lyα halos using characteristic SB profiles. We define the extent as the diameter of Lyα halos at a level of [(1 + z)/(1 + 6.42)] 4 SBLyα = 10 −18 erg s −1 cm −2 arcsec −2 , and obtain (76, 49, 20) pkpc for z =(2, 3, 4 − 5). In Figure 7 , we compare these characteristic extents with two scaling models. One is (1 + z) −1 scaling, i.e., scaling with the virial radius of dark halos with a constant mass (dotted line in Figure 7 ) as proposed by Ginolfi et al. (2018) . The other is M 1/3 DH (1+z) −1 scaling, i.e., scaling with the virial radius of evolving dark halos which have 1 × 10 11 , 1 × 10 12 or 1 × 10 13 M⊙ at z = 2. All models have been calibrated at z = 2. We find that M 1/3 DH (1 + z) −1 scaling agrees well with the data, while (1 + z) −1 scaling is not steep enough. We stress that the point of our findings here is the assumption that the QSOs in the compilation sample have a progenitor-descendant relationship in terms of hosting dark halos. As shown in Figures 6 (left) and 7, our findings are not sensitive to changes in MDH(z = 2). It is very interesting that the evolution of the SB and extent of Lyα halos can be simultaneously explained by a simple scenario that QSOs are on average in a progenitor-descendant relationship in terms of hosting dark halos and that the mass and size of the CGM just scale with those of hosting halos.
Finally, by extrapolating these evolutionary trends found over z ∼ 2 − 5, we predict the SB r=10 Lyα and the characteristic extent for z ∼ 6 Lyα halos hosted by progenitors of z = 2 dark halos with 1 × 10 12 M⊙. Since the dark halo mass growth rate from z = 6 to z = 2 is calculated to be 31.3 using the formula of Behroozi et al. (2013) , we obtain SB 
SUMMARY
In this paper, we have first investigated the very luminous Lyα halo around the QSO J2329−0301 at z = 6.42 with new data. Then, we have systematically studied the properties of QSO Lyα halos over z ∼ 2 − 6 using all available data in the literature ('compilation sample'). The major results are summarized below.
1. We have confirmed extended Lyα emission around J2329−0301, with a Lyα luminosity of 1.5 × 10 44 erg s −1
within an extent of ∼ 38 pkpc. The SB of this halo is about an order of magnitude brighter than that of another halodetected QSO at z > 6, QSO J0305−3150, but comparable to those of luminous halos at z ∼ 3 (Borisova et al. 2016 [1 ] We have found declines of LLyα, LLyα/L Bol and d with redshift, indicating some redshift evolution of Lyα halos.
[2 ] We have not found any significant correlations between Lyα halo scales and the properties of hosting QSOs except in LLyα vs. d. Although Spearman's ρ indicates no correlations, a possible anti-correlation may be seen between Lyα halo scales (d and LLyα/L Bol ) and MBH when limited to z > 6 QSOs.
[3 ] We have found weak trends that MBH increases with IRX while d and LLyα/L Bol decrease with IRX, although not statistically significant. These trends become relatively clearer when the sample is limited to z > 6.
3. We have examined physical properties of four z > 6 QSOs which have a wide range of LLyα. We have found that the dust content probably controls the presence/absence of Lyα halos because QSOs with no or a small Lyα halo have a higher IR luminosity and dust mass than J2329−0301 which has an extraordinarily luminous and extended Lyα halo. J2329−0301 also has the least massive MBH (MBH < 10 9 M⊙) among the four. We infer that QSOs have a Lyα halo only in the young phase because those in older phases have a large amount of dust which absorbs ionizing photons before escaping out to circum-galactic regions.
4. The Lyα halo around J2329−0301 is optically thin against ionizing photons. It is also found that at least ∼ 70% of the compilation sample are optically thin.
5. We have derived the characteristic SB profile at z = 2, 3, and 4 − 5 from the SB at 10 pkpc radius (SB r=10 Lyα ) with an assumption of a universal power-law profile of SB ∝ r −2 , and then, found that SB r=10 Lyα increases with cosmic time. Its growth rate between z = 2 and z = 3 (z = 4 − 5) is a factor of 2.4 (16.6). Because the SB is proportional to "hydrogen density (nHNH)" and f thin C , and the total gas mass of the CGM scales with these parameters, the brightening of the SB likely indicates an increase in the CGM gas mass with time. The increasing rate of the SB coincides with the mass growth rate of dark halos that evolve to 1 × 10 12 or 1 × 10
13
M⊙ at z = 2. 6. We have also estimated the characteristic extents of Lyα halos to be (76, 49, 20) pkpc for z =(2, 3, 4 − 5). The evolution of the characteristic extent does not match (1 + z) −1 scaling which is suggested by Ginolfi et al. (2018) , but matches well M 1/3 DH (1+z) −1 scaling, i.e., scaling with the virial radius of evolving dark halos. These increases in SB and extent with time are consistent with a scenario that the CGM around QSOs evolves in mass and size keeping pace with hosting dark matter halos.
7. Extrapolating these evolutionary trends, we have predicted the mean SB r=10 Lyα and extent for z = 6 Lyα halos to be SB r=10 Lyα = 4.6 × 10 −19 erg s −1 cm −2 arcsec −2 and 14 pkpc. These values are comparable to those of J0305−3150, but much lower than those of J2329−0301, indicating a rareness of J2329−0301's Lyα halo.
